
Logic

I How to solve logical problems generically?



Rock-Paper-Scissors

I Variables for player moves
P1,R ,P1,S ,P1,P ,P2,R ,P2,S ,P2,P

I Variables for wins and draw
W1,W2,D

I Rules for win
P1,R ∧ P2,S =⇒ W1

P1,R ∧ P2,P =⇒ W2

P1,S ∧ P2,R =⇒ W2

P1,S ∧ P2,P =⇒ W1

P1,P ∧ P2,R =⇒ W1

P1,P ∧ P2,S =⇒ W2

I Rules for draw
P1,R ∧ P1,R =⇒ D
P1,P ∧ P1,P =⇒ D
P1,S ∧ P1,S =⇒ D

I Rules for exclusive play
P1,R =⇒ ¬P1,S ∧ ¬P1,P

P1,P =⇒ ¬P1,S ∧ ¬P1,R

P1,S =⇒ ¬P1,P ∧ ¬P1,R

P2,R =⇒ ¬P2,S ∧ ¬P2,P

P2,P =⇒ ¬P2,S ∧ ¬P2,R

P2,S =⇒ ¬P2,P ∧ ¬P2,R

I Rules for exclusive win
W1 =⇒ ¬W2

W2 =⇒ ¬W1

W1 =⇒ ¬D
W2 =⇒ ¬D
D =⇒ ¬W1

D =⇒ ¬W2



Satisfiability

I Satisfiability: Is there a model (assignment of variables) that
satisfy the sentences (rules)?

I P =⇒ Q



Logic Example

Variables: x , y , z ,w

Rules:
¬x =⇒ y
¬x =⇒ ¬z

x ∨ ¬y =⇒ w
¬y ∧ w =⇒ z

Facts:
w = true



Logic Example

Variables: x , y , z ,w

Rules:
¬x =⇒ y
¬x =⇒ ¬z

x ∨ ¬y =⇒ w
¬y ∧ w =⇒ z

Facts:
y = false
z = false



Conjunctive Normal Form

I Can propositional logic be expressed with only ∧ ∨ ¬ and
boolean variables?



Expressing Implication

Implication x =⇒ y can be expressed as ¬x ∨ y

Variable x =⇒ y ¬x ∨ y

x = True, y = True True True

x = True, y = False False False

x = False, y = True True True

x = False, y = False True True



Conversion Example

x ∨ ¬y =⇒ w

¬(x ∨ ¬y) ∨ w

(¬x ∧ y) ∨ w

(¬x ∨ w) ∧ (y ∨ w)



Conversion

Variables: x , y , z ,w
Rules:

¬x =⇒ y x ∨ y
¬x =⇒ ¬z x ∨ ¬z
x ∨ ¬y =⇒ w (¬x ∨ w) ∧ (y ∨ w)
¬y ∧ w =⇒ z ¬y ∨ ¬w ∨ z



State Space
(F ∨ w) ∧ (y ∨ w)

(T ∨ w) ∧ (y ∨ w)

(¬x ∨ w) ∧ (T ∨ w)

(¬x ∨ w) ∧ (F ∨ w)

(¬x ∨ T) ∧ (y ∨ T)

(¬x ∨ F) ∧ (y ∨ F)

(¬x ∨ w) ∧ (y ∨ w)

x = T

x = F

y = T

y = F

w = T

w = F



Terminal & Dead-End Nodes

Formula: (¬x ∨ w) ∧ (y ∨ w)

Complete: (F ∨ T) ∧ (T ∨ T)

Dead-End: (¬x ∨ F) ∧ (F ∨ F)



Backtracking

procedure SAT(formula f)
stack = stack with f
solution = ∅
while No solution is found and stack is not empty do

current = stack .pop()
if isValid(current) then

if isDone(current) then
solution = current

else
for var , value in unassigned(current) do

assign var = value in current
stack .push(current)

end for
end if

end if
end while
return solution

end procedure



Improvements

Pure Symbol - all the occurrences of a variable is x or ¬x
Example: w in (¬x ∨ w) ∧ (y ∨ w)

Unit Clause - a variable that is unassigned in a clause
Example: w in (¬x ∨ w) ∧ (T ∨ w)



DPLL
procedure DPLL-SAT(formula f)

stack = stack with f
solution = ∅
while No solution is found and stack is not empty do

current = stack .pop()
current = assign-pure-unit(current)
if isValid(current) then

if isDone(current) then
solution = current

else
for var , value in unassigned(current) do

assign var = value in current
stack .push(current)

end for
end if

end if
end while
return solution

end procedure



Conclusion

I Propositional Logic (and other formalisms) can be reduced to
SAT

I SAT is NP-Complete

I Solving SAT means solving all NP problems


